We developed a new method to measure superconducting stiffness ρs, critical current density J c , and coherence length ξ without subjecting the sample to magnetic field or attaching leads. The method is based on the London equation J = −ρsA, where J is the current density and A is the vector potential. Using a rotor free A and a measurement of J via the magnetic moment of a superconducting ring, we determine ρs. By increasing A until the London equation does not hold anymore we determine J c and ξ. The method is sensitive to very small stiffness, which translates to penetration depth λ 3 mm. It is also sensitive to extremely low critical current density J c ∼ 1 Acm −2 or long coherence length ξ ∼ 1 µm. Naturally, the method does not suffer from demagnetization factor complications, the presence of vortices, or out-of-equilibrium conditions. Therefore, the absolute values of the different parameters can be determined. We demonstrate the application of this method to La2−xSrxCuO4.
INTRODUCTION
Superconducting stiffness ρ s is defined via the quantum mechanical, gauge invariant relation between the current density J, the vector potential A, and the complex order parameter ψ = |ψ| e iϕ(r) according to
where q is the carriers charge [1] . When ∇ϕ = 0 the London equation is obtained:
ρ s can be expressed in units of length via
where λ is known as the penetration depth. Equation 2 can be derived classically in the Coulomb gauge. Consider carriers of density n s and mass m * accelerating in a superconductor without friction under some electric field E = − Edt, which can be plugged into J = qn s v, yielding the London equation.
Since ρ s provides information on the ratio between carrier density and effective mass, it is the most fundamental property in the study of superconductors. For example, in high temperature superconductors (HTSC) the transition temperature T c is found to be proportional to the stiffness at low temperatures. This finding, known as the Uemura plot, must play a key role in any theory of HTSC [2] .
Nevertheless, there is no direct way to measure ρ s . The standard method is to apply a magnetic field, to measure the penetration depth of the magnetic induction B into a material, and to use Eq. 3 to determine the stiffness [2, 3] . However, magnetic field raises issues one must consider: first, it is essential to take into account the sample shape via the concept of the demagnetization factor. This factor is known exactly only for ellipsoidal samples, which are nearly impossible to come by. Second, magnetic fields introduce vortices, which can complicate the interpretation of the penetration depth measurements. Third, all methods have an inherent length scale window. The longest penetration depth that has been measured to the best of our knowledge is 10 µm [3] . This is far shorter than a typical sample size. Therefore, there is a temperature range below T c at which λ > 10 µm where the behavior of ρ s is obscured. For highly anisotropic samples, this range could extend to temperatures well below T c .
Similarly, there is no direct way to measure J c . The standard method is to connect leads, and to determine the current at which voltage develops across the sample. However, the voltage first develops in the vicinity of the leads, where heat is generated. This heat affects the rest of the sample.
Here we present a new instrument to measure stiffness in zero magnetic field based on the London equation. This method determines ρ s directly without the use of the penetration depth concept. Consequently, we name the instrument Stiffnessometer. As we explain below, the Stiffnessometer can measure very weak stiffness, which corresponds to λ ranging from tens of microns to few millimeters. This allows measurements of stiffness closer to the critical temperature T c than ever before, or measuring the stiffness of very anisotropic systems. Finally, vortices or demagnetization factor are not a problem for the Stiffnessometer since the measurement is done in zero field. We also demonstrate that the Stiffnessometer can measure critical currents without leads and hence provide information on the coherence length ξ.
EXPERIMENTAL SETUP

FIG. 1. Experimental setup. (a) An illustration of the Stiffnessometer:
The superconducting ring is threaded by an inner-coil, placed in the center of a gradiometer, and surrounded by a main-coil that serves as a shim coil. (b) A typical inner-coil, 60 mm long with 2 mm outer diameter. The data collected in this work are taken using this innercoil. Also shown are two La2−xSrxCuO4 rings with a rectangular cross-section (c) A zoom-in on other inner-coils with outer diameters ranging from 2 mm to 0.25 mm, and length of 60 mm.
The method is based on the fact that outside an infinitely long coil (defining theẑ direction), the magnetic field is zero while the vector potential is finite. This vector potential is tangential and points in theφ direction. When such an inner-coil is placed in the center of a superconducting ring, the vector potential leads to a current density in the ring according to Eq. 1. This current flows around the ring and generates a magnetic moment. The magnetic moment is detected by moving the ring and the inner-coil rigidly relative to a pickup-loop. The concept of the measurement is depicted in Fig. 1(a) . A typical inner-coil and two superconducting rings of the cuprate superconductor La 2−x Sr x CuO 4 (LSCO) with x = 0.12 are shown in Fig. 1(b) . More details on these coil and rings are given in the analysis section. In Fig. 1(c) we present a zoom-in on three different coils with outer diameters of 2, 0.8, and 0.25 mm. They have two layers of wires, and their length is 60 mm. Our Stiffnessometer is an add-on to a Cryogenic SQUID magnetometer.
Rather than using a single pickup-loop we actually use a second order gradiometer. It is made of three winding groups. The outer two are made of two loops each wound clockwise and the inner group is made of 4 loops wound anticlockwise. This is also demonstrated in Fig 1(a) . The gradiometer ensures that a magnetic moment generates a voltage only when it is in the vicinity of the gradiometer center. Also, any field uniform in space gives zero signal even if it drifts in time.
The gradiometer is connected to a superconducting quantum interference device (SQUID). The output voltage V of the device is proportional to the difference between flux threading the different loops of the gradiometer. We record V (z) as the relative distance between the gradiometer and the ring changes when the ring and inner-coil move. Our gradiometer detects magnetic moments within a range of 15 mm on each side of its center. This sets the length of our inner-coils. It allows us to detect contribution from the ring while minimizing contribution from the ends of the inner-coil. The measurements are done in zero gauge field cooling (ZGFC) procedure: we cool the ring to a temperature below T c , turn on the current in the inner-coil when the ring is superconducting, and measure while warming. A measurement above T c is used to determine the value of the flux inside the inner-coil. For any circle of radius r in the ring ∇ϕ = l/rφ where l is an integer. The ZGFC procedure sets l = 0. This value of l does not change as A is turned on, and Eq. 2 holds throughout the measurements.
RESULTS
A typical measurement is demonstrated in Fig. 2 . The red symbols represent the signal when the entire innercoil has moved through the pickup-coil at T > T c . Before the lower-end of the inner-coil has reached the gradiometer, the flux through it is zero. During the time the lower-end of the inner-coil transverse the gradiometer its contribution to the total flux changes from zero to positive to negative and back to zero. The upper-end of the inner-coil has the opposite effect; its contribution to the flux goes from zero to negative to positive and back to zero. But there is a time (or distance) delay between the lower-end and upper-end contributions, leading to the observed signal. A linear drift of the voltage can easily evaluated as demonstrated by the dotted lines. We define the inner-coil maximum voltage difference ∆V max IC as demonstrated in Fig. 2 . At T < T c the ring adds its own signal, as shown in Fig. 2 by blue symbols. The ring produces current that generates opposite flux to the one in the inner-coil. The ring signal is concentrated on a narrower range on the z axis. By subtracting the high temperature measurement from the low temperature one, it is possible to obtain the signal from the ring alone ∆V R as demonstrated in the inset of Fig. 2 . We define the maximum ring voltage difference ∆V max R as shown in the inset. The ratio ∆V max R /∆V max IC stores the information on the stiffness, as will be discussed in the Data Analysis subsection. For a given inner-coil and current it is enough to determine V IC once.
In Fig. 3 we present the Stiffnessometer signal evolution with temperature from an LSCO x=0.12 ring. At temperatures between 5 K and 22 K there is no change in the signal. But, between 22.5 K and T c = 27.9 K the signal diminishes rapidly, as expected. The normalized
is plotted in the inset of Fig. 3 .
There is a risk that field generated in the inner-coil leaks since no coil is infinitely long or perfect. To overcome this leak, a main coil, also shown in Fig. 1 , acts as a shim to cancel the field on the ring when it is at the gradiometer center. Our main-coil has a field resolution of 10 −3 Oe from 0 up to 200 Oe. Therefore, we can keep the field on the ring as low as 1 mOe.
To ensure that our signal is not due to leakage of magnetic field from the inner-coil or any other field source, we perform two tests. In the first one we apply current in the inner-coil, measure the field leakage at the ring position using an open ring and cancel it using the main coil. Then we increase the field by only 1 mOe. The measurements before and after the field increase are depicted in Fig. 4(a) . They indicate that we can cancel the field in the ring position to better than 1 mOe. Clearly in zero field there is no signal. In the second test we measure the stiffness (zero field and applied current in the inner-coil) of closed and open rings, which are otherwise identical in size. The results are shown in Fig. 4(b) . The signal from a closed ring is much bigger than the background from an open one. In Fig. 4 (c) we repeat this measurement with an applied field in the main coil of 1 Oe, and no current in the inner-coil. In this case both open and closed rings give strong and similar signal. The difference between the two signals is consistent with the missing mass in the open ring. These tests confirm that the field leakage is not relevant to our stiffness measurement. Our ability to determine small stiffness depends on how well we can cancel the field at the ring position.
Another important test of the Stiffnessometer comes from comparing the signal from rings of exactly the same dimensions, but made from different materials. At temperatures well below T c the stiffness is expected to be strong, namely, the penetration depth should be much shorter than all the ring dimensions. In this case a superconducting ring produces a current which exactly cancels the applied flux through it, regardless of the material used. Therefore, all materials should produce the same signal. This is demonstrated in Fig. 4(d) for Niobium (Nb), Lead (Pb) and LSCO. They all have the same ∆V R .
The Stiffnessometer can also be used to measure critical currents. This is depicted in Fig. 5 for the LSCO ring at T = 25.8 K. The signal from the ring grows linearly with the applied current in the inner-coil until ∆V max R reaches a saturation value. It means that the superconductor can generate only a finite amount of current. Therefore, we are detecting a critical current, but, in a thermal equilibrium fashion since we do not use leads or inject power into the system as usually done in critical current measurements [4] . Thus, it is more adequate to compare our measurements of critical current with theoretical expectations. Moreover, the critical current density in the ring must be related to the applied critical current divided by dimensions of area, which in our case are in units of 1 mm 2 . This demonstrates that the critical current we are measuring must be on the order of 1 Acm −2 ; a more detailed analysis is given below. The critical current density measured with the Stiffnessometer is several orders of magnitude smaller than the critical current density measured by other methods, which are on the order of 10 6 Acm −2 . As the current in the coil exceeds I c , vortices start to flow into the center of the ring, so that the current density in the ring never exceeds the critical value J c . In other words ∇ϕ = l/r with l = 0. Therefore, for I > I c , the current in the ring and ∆V 
DATA ANALYSIS
Before analyzing the Stiffnessometer signal it is essential to determine the realistic vector potential generated by our inner-coil. The vector potential outside of an infinitely long coil is given by
where r is the distance from the center of the coil, and Φ IC is the flux produced by the inner-coil. To check the validity of this expression in our case we calculated numerically the magnetic field B z and vector potential A ϕ (in the Coulomb gauge) produced by the inner-coil as a function of r and z. This coil is 6.0 cm long, has inner diameter (I.D.) of 0.08 cm, outer diameter (O.D.) of 0.2 cm, 4 layers, and 1600 turns in total. In the calculation we used a current of 1 A. The measured LSCO ring has an I.D. of 0.2 cm, O.D. of 0.5 cm, and height of 0.1 cm. Fig. 6 shows the result of the calculations. The 1/r approximation, presented by the solid line, is perfect for our ring size and even for much larger rings. The calculation also shows that the strongest field just outside of the inner-coil is 10 3 times smaller than the field at its center.
Analyzing the Stiffnessometer signal is done in two steps and on two levels. The steps are first to consider a single pickup-loop and only then a gradiometer. The levels are: weak stiffness and strong stiffness. Weak stiffness means that the vector potential on the ring is only due to the applied current. The vector potential generated by the internal current of the ring is ignored. This approximation is valid when the ring current is small, namely, the stiffness is weak, or the penetration length is longer than the sample dimensions. The weak stiffness analysis is analytical and valid close to T c . At the strong stiffness level the self vector potential is taken into account. This leads to a partial differential equation (PDE), which we solve numerically.
Single pickup-loop
Had we used a single pickup-loop, the voltage would have been proportional to the flux threading it Bda = Adl = 2πR P L A(R P L ), where R P L = 1.3 cm stands for our pickup-loop radius. Above T c , maximum voltage is achieved when the pickup-loop is at the center of the inner-coil so that V max IC = kΦ IC where k is a proportionality constant. Similarly, a ring at the center of and parallel with a pickup-loop would have generated a maximum voltage proportional to its own flux, namely, V max R = k2πR P L A R (R P L ) where A R is the vector potential generated by the ring. Therefore,
so we only need to calculate the ratio of the vector potentials at the pickup-loop radius.
Weak stiffness
The current from each ring element is dI(r) = J(r)hdr where h is the ring height and dr is a ring element width. Using the London equation, the magnetic moment generated by each ring element is dm = 
Using Eq. 3, the penetration depth is given by
Since all the dimensions of the ring and pickup-loop are on the order of 1 mm, and we can measure voltage ratios to better than 5%, we can measure λ bigger than 1 mm. The critical current density in the ring J c can also be calculated in the weak stiffness limit. In this case we define a critical current in the coil I 
Similarly, the coherence length is given by [1] 
Since λ ∼ 1 mm, and the critical current is on the order of 1 mA, [A c IC (R in ) ∼ 10 −2 Oe-cm] we can measure J c ∼ 1 Acm −2 , and ξ ∼ 1 µm.
Strong stiffness
In the strong stiffness case, the total vector potential experienced by the ring A T is a sum of A IC and, in the Coulomb gauge,
namely, A T = A IC +A R . Using the fact that ∇ 2 (1/r) = −4πδ(r) and the London equation one finds that
where λ is infinite outside of the ring and a constant inside of it. In cylindrical coordinates, A R = A(z, r)φ, and with the coordinate transformation
the equation in the ring becomes
but now r, z, and λ are in units of R P L , and A is in units of A IC (R P L ). Outside of the ring, the right hand side of the equation is zero. The solution of this equation, evaluated at R P L , is the quantity one would measure with a single pickup-loop as indicated in Eq. 5. We solved Eq. 13 for different λ values and our LSCO ring parameters with both the Comsol 5.2a and FreeFem softwares. We used finite elements in
where L z = L r = 8. Dirichlet boundary conditions are imposed at z = ±L z , r = 0, and r = L r . Maximal mesh spacing is set to be h = 0.01 in the ring and its immediate vicinity, and h = 0.25 elsewhere. More details on the solutions will be given elsewhere [5] . The total vector potential A T for λ/R P L = 0.1/13, and for all values of r and z in the ring's cross section is presented in Fig. 7 . Clearly, the vector potential hence the current is strongest close to the inner radius of the ring. They decay towards the center of the ring. The solution at r = 1 and z = 0 and a range of λ values is presented in Fig. 8 on a semi-log plot. The upper right inset is a zoom-in on the long λ region emphasized by a rectangle. The solid line represents Eq. 7 again with the LSCO ring parameters. There is a good agreement between the PDE solution at long λ and the weak-stiffness approximation. 
Gradiometer
At this step we convert between the signal as detected by a gradiometer to the vector potential calculated above for a single pickup-loop. We find a conversion factor from a vector potential evaluated at a position on a single pickup-loop A P L to the differences in the vector potential generated by the gradiometer ∆A G . This has to be done for both a ring and an inner-coil. The vector potential of a ring on the pickup-loop depends on its height z from the plane of the loop according to
. Therefore, for a ring and our gradiometer
where ∆z P L = 0.7 mm is the separation between the different groups of gradiometer windings. The difference between the maximum and minimum of this function, ∆A 
is also plotted in the inset by the blue line. The difference between the maximum and minimum of this function is the conversion factor for the inner-coil. We find numeri-
In Fig. 8 we see that when the penetration depth is very short, A . This is what we find in the inset of Fig. 3 .
We now extract the penetration depth from the data in the inset of Fig. 3 using the conversion factor, and the PDE solution presented in Fig. 8 . The extracted λ versus temperature is depicted in Fig. 9 . Clearly we can determine λ as long as 2.5±0.044 mm. The shortest λ we can pinpoint is 0.1 ± 0.04 mm. In order to determine the behavior near T c = 28 K, λ(T ) ∼ (1 − T /T c ) −ν , we show a log-log plot of the data in the inset of Fig. 9 . Linear fit yields a critical exponent ν = 1.0 ± 0.1, whereas mean field theory predicts ν = 0.5 [1] .
The calculation of the critical current needs an adjust-
where A max T (λ) stands for the maximum total vector potential in the ring evaluated for λ at the temperature at which the critical current is measured. Similarly, the coherence length is given by
For example, using this strong stiffness approach we find that at T = 27.0 K (I c = 0.75 mA), λ = 0.1 mm, J , and ξ = 83 nm. We present ξ(T ) in Fig. 9 , while log-log plot is presented in the inset. We linearly fit the data and get critical exponent of 1.43 ± 0.06, whereas mean field theory predicts ν = 0.5 [1] .
CONCLUSIONS
We demonstrated that the Stiffnessometer can measure penetration depth two orders of magnitude longer, or stiffness four orders of magnitude smaller than ever before. This allows us to perform measurement closer to T c and explore the nature of the superconducting phase transition, or determine the stiffness at low T in cases where it is naturally very weak. The Stiffnessometer also allows measurements of very small critical current or long coherence lengths, properties which again are useful close to T c . The measurements are done in zero magnetic field with no leads, thus avoiding demagnetization, vortices, and out-of-equilibrium issues.
